The importance of anharmonic effect on dissociation of molecular systems, especially clusters, has been noted. In this paper, we shall present a theoretical approach that can carry out the first principle calculations of anharmonic canonical and microcanonical rate constants of unimolecular reactions within the framework of transition state theory. In the canonical case, it is essential to calculate the partition function of anharmonic oscillators; for convenience, the Morse oscillator potential will be used for demonstration in this paper. In the microcanical case, which involves the calculation of the total number of states for the activated complex and the density of states for the reactant, we make use of the fact that both the total number of states and the density of states can be expressed in the inverse Laplace transformation of the partition functions and that the inverse Laplace transformation can in turn be carried out by using the saddle-point method. We shall also show that using the theoretical approach presented in this paper the total number of states and density of states can be determined from thermodynamic properties and the difference between the method used in this paper and the thermodynamic model used by Krems and Nordholm will be given. To demonstrate the application of our theoretical approach, we chose the photodissociation of ethylene at 157 and 193 nm as an example.
Introduction
The present investigations focus on the quantitative examination of the anharmonic effect on the dissociation of molecules and the interpretation and analysis of the observed kinetic results from the viewpoint of the first principle calculations. In unimolecular reactions under collision-free conditions, according to the RRKM (Rice-Ramsperger-Kassel-Marcus) theory (or quasiequilibrium theory), the total number of states and density of states plays an important role in the calculation of the rate constants. To describe the anharmonic effect, the Morse oscillators (MOs) are commonly used. Recent reviews of the anharmonic effect on unimolecular reactions can be found in refs 1-12. Some vibrational modes in molecules or clusters 5 correspond to relatively weak bonds; in this case, the Morse potential can be conveniently used to fit the PES (potential energy surface) 2 and to simulate the bonding. Typical features of the anharmonic effect include a decrease in vibrational bondstretching frequencies (a red shift) and an increase in the bond lengths and distance of bond dissociation. 3,4a An important type of anharmonicity investigated by Bhuiyan and Hase 4b is the decrease in the bending frequency as a bond defining that the bend is stretched. For the H-C-C model triatomic, these authors found that at 90 kcal/mol the bend-stretch anharmonic correction is 1.81 and the MO anharmonic correction is 1.63, for a total correction of 2.95. For separable systems, a state counting technique has been elaborated by Beyer and Swinehart using the Beyer-Swinehart algorithm for harmonic oscillators (HOs) and extended by Stein and Rabinovitch to anharmonic separable systems. 6a,b The anharmonic shift of energy, the anharmonic correction factor, and the anharmonic vibrational mode have often been used to calculate the total number of states and density of states of the system. [6] [7] [8] [9] Recent studies 4,5 have shown that anharmonic effects have become very important in clusters and macromolecules. The anharmonic force field calculations have been carried out. 6 The need for anharmonic correction to existing reaction rate theories has been emphasized by several authors, [7] [8] [9] and Troe 10 proposed a simple empirical method for generating anharmonic vibrational densities of states using experimental thermodynamic data.
Recent rapid developments in quantum chemistry calculations have made it possible to perform the first principle calculations of reaction rate constants within the framework of the transition state theory. However, in unimolecular reactions, most of these calculations are still limited to the HO approximation. It is thus desirable to develop an elementary systematic theoretical approach that can be easily used to treat the anharmonic effect in both canonical and microcanonical unimolecular reactions.
For this purpose, in this paper, we present a method that can compute the total numbers of states, densities of states, partition functions, and rate constant by using the Morse potential as an example of an anharmonic potential, which in turn is determined by ab initio calculations. This can be accomplished by using the inversion of partition function (IOPF) method 11, 12 or the Darwin-Fowler method 3 for calculating the number and density of states of the system. However, in this paper, the IOPF method will be used. Although the anharmonic effects have been studied by using the IOPF and Darwin-Fowler methods, 11,12 the detailed calculations are different from those to be presented in this paper. A main purpose of the present paper is to discuss how to make use of anharmonic potential surfaces obtained from ab initio calculations to treat the anharmonic effects on both canonical and microcanonical unimolecular reactions within the framework of the transition state theory. We shall show that the central point of the approach to be presented in this paper is the calculation of partition functions, which can then be applied to canonical unimolecular reactions and to microcanonical unimolecular reactions by using the IOPF method. It should be noted that using a personal computer, Pentium 4 (775 506E/2.66G), for a system of seven vibrational modes, it will take only about 10 s to obtain the total number of states and density of states by using the IOPF method, while using the exact counting method, it will take about 1 day; the computation time increases rapidly with the size of the system. Furthermore, the accuracy of our calculations can be within 1% if the second-order approximation of the saddle-point method is used. To demonstrate how we can perform the first principle calculation of anharmonic unimolecular reaction rate constants by combining this approach with ab initio calculations of anharmonic oscillators, we chose the photodissociation of ethylene as an example. In 1927, Bates and Taylor 13 began to study the physical insight into the ethylene decomposition. This subject has been studied subsequently by many chemists through theoretical and experimental investigations (for detailed discussion, see refs [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
In our previous papers, [31] [32] [33] [34] [35] [36] we performed ab initio calculations of the PES for photodissociation of ethylene and obtained branching ratios of the dissociation products by using RRKM theory in the harmonic oscillator (HO) approximation. In this paper, the anharmonic effect will be considered.
The present paper is organized as follows. In section 2, we present the theoretical treatment of the anharmonic effect on canonical and microcanonical unimolecular reactions, which will be followed by a numerical demonstration (see section 3). The theoretical application to ethylene is given in section 4. 40 The theory assumes that intramolecular vibrational energy redistribution occurs on a time-scale much faster than the unimolecular reaction. This method enables us to compute the unimolecular reaction rates from a few characteristics of the PES. Despite the consensus on the applicability of the RRKM theory, the possible role of restricted vibrational energy flow in modifying the rate of unimolecular reactions has resurfaced many times, and it has also been improved by a number of groups. [41] [42] [43] [44] [45] [46] For a microcanonical system, according to the RRKM theory, 24 the unimolecular rate constant is given by where h is Planck's constant, F(E) is the density of the states of the unimolecular reactant, and W * (E -E a * ) is the total number of states of the activated complex. Here, E and E a * represent the total energy given to the system and the activation energy, respectively. Thus, in essence, as is expected in a statistical treatment, the RRKM theory simply states that the rate constant is proportional to the fraction of molecules having an internal energy E that are apt to react [47] [48] [49] irrespective of the way that the molecule has been activated to that energy. It should be emphasized that conventionally W * (E -E a * ) and F(E) have been evaluated in the harmonic approximation. Notice that in general from the definition of W(E), the total number of states can be expressed as 11, 12, 49 where H(E -E i ) denotes the Heaviside function. In this case, energy levels E i are calculated explicitly and W(E) can then be obtained by direct counting of those states, which are below or equal to E. From eq 2-2, we obtain 11, 12, 49 where ) 1/kT, k is Boltzmann's constant, T is the temperature of the system, and Q( ) is the canonical partition function of the system. Similarly, we obtain, from the definition of the density of states, 11, 12, 49 That is, eqs 2-3 and 2-4 denote the Laplace transformation of W(E) and F(E), respectively.
Theory of Unimolecular Reactions and Anharmonic Effect
In other words, W(E) and F(E) can be obtained from eqs 2-3 and 2-4 by inverse Laplace transformation, which in turn can be expressed in terms of contour integrals. The contour integrals involved in the inverse Laplace transformation can be evaluated by using the saddle-point method (or method of steepest descent). 11, 12, 49 To the first-order approximation of the saddle- The secondorder approximation calculations have also been accomplished but will not be presented in this paper.
Canonical Case.
For a canonical system, using the transition state theory, the rate constant for unimolecular reactions can be expressed as 11, 30, 44, 49 where Q(T) and Q * (T) represent the partition function for the reactant and the activated complex, respectively. In this case, we have where N is the number of the vibration modes of the reactant and q i * (T) and q i (T) are the vibrational partition function for the activated complex and reactant for each mode, respectively.
From the above discussion, we can see that the partition function Q( ) plays a very important role in the calculation of both canonical and microcanonical rate constants. To consider the anharmonic effect on a unimolecular reaction, the anharmonic number and density of states for a system of coupled MOs take a particularly simple form. For the MO, we have where x i is the Morse parameter, ω i is the frequency of the i-th vibrational mode, and n i is the vibration quantum number of the vibrational mode. The maximum value of n i is represented by n i (m). In other words, the anharmonic effect has two features: One is that the energy spacings are not equal, and the other is the existence of a maximum quantum number n i (m). It should be noted the anharmonic constants x i for various molecules can be determined by ab initio calculations.
We shall study the effect of the second feature first. The general case of anharmonic effect will be presented in the next section. For this purpose, we shall use the so-called truncated harmonic oscillator (THO) , that is, which should be compared with the harmonic case A main difference between the q i (T) and the q i (T) H is that as T f ∞, q i (T) f n i (m) + 1 while q i (T) H f ∞. In numerous cases, the reaction rate is relatively little affected by rotation. However, there are cases where rotational effects on the rate constants have been experimentally and theoretically demonstrated. 43 So, for simplicity, only the vibrational degrees of freedom will be considered in this paper; the rotational contribution can easily be included.
Determination of G(E) and W(E) from Thermodynamic Properties.
A thermodynamic method for calculating the molecular density of states has been proposed by Krems and Nordholm. 1 A starting point of their method is to propose a function form for
where a, b, and c are to be determined. They then calculate the corresponding canonical partition function Using the partition function Q(T), various thermodynamic properties can be calculated, which can then be used to determine parameters a, b, and c. It should be noted that another functional form for F(E) has been suggested by Song and Hase. 7 A starting point of our approach is to notice that eq 2-8 basically describes the relation between the thermodynamic energy E and the temperature * ) 1/kT* through the partition function Q( *). Next, we make use of the relation between Helmholtz free energy A and the partition function Using eqs 2-8 and 2-16, we can easily obtain where S and C V represent the entropy and heat capacity of the system, respectively. Equation 2-17 shows that F(E) can be determined from thermodynamical quantifies. To evaluate W(E), we can use F(E) ) dW(E)/dE. Various other methods have been proposed; for example, Troe 10 had used the phase-space method, while Hase and co-worker 5, 7 had calculated relative anharmonic density of states by the multiple histogram/Nosé 5 dynamics method.
Numerical Demonstration
3.1. Microcanonical Case. For numerical computation, for convenience, we shall consider the coupled oscillator case; for
(2-13)
c!e and a similar expression for Q * ( ). It should be noted that the classical phase space integral has been determined for low frequency intermolecular modes of the Cl --CH 3 Cl ion-dipole complex to determine the anharmonic correction. 30 To test the performance of the approximation method discussed in this paper, Tables 1 and 2 1 's can be approximately determined by ab initio calculations.
As the energy E increases, as expected, the W(E) increases sharply for all results in Tables 1 and 2 . Comparing the exact results and the saddle-point method results for the HO case, the uncertainty is less than 7% at the lowest energy and decreases to 0.12% with E increasing from 10 to 150 kcal/mol in Table 1 . The similar conclusion can be seen in Table 2 for acetylene; the uncertainty is decreased from 20 to 2% with energy increasing from 2.31 to 36.9 kcal/mol. The agreement between the exact and the approximate results is satisfactory; the small difference is because of the first-order approximation in the saddle-point method used in this paper and also due to the fact that the saddle-point method is an asymptotic approximation method. Our second-order saddle-point approximation yields the results within 1% accuracy even for the lowest energy. This shows that the saddle-point method is a good approximation method in analyzing the experimental data of unimolecular reactions. Next, we study the anharmonic effect on W(E). Again, cyclopropane and acetylene have been used as examples (see Tables 1 and 2 ). The anharmonicity values of x i ) 0.01 and x i ) 0.1 of the MO have been used. From Tables 1 and 2 , we can see that even for the x i ) 0.01 case the anharmonic effect is significant, which can be as high as a factor of 3 for cyclopropane. For the energy range of 0.0-150.0 kcal/mol, however, the effect is only about 40% for acetylene. Next, we consider the case of x i ) 0.1. For cyclopropane, the effect starts at a factor of 6 at 10 kcal/mol, reaches the maximum at a factor of 60 at E ) 50 kcal/mol, and then decreases to a factor of 0.13 at E ) 150 kcal/mol. This dramatic decrease of W(E) at E ) 150 kcal/mol is due to the fact that E has gone beyond the dissociation energy of low-frequency modes; in fact, the energy is enough to break all of the bonds, and in that case, the number of the states cannot increase as fast as in the HO case. Unlike HO, the MO has a maximum energy level, and the maximum value decreases with the increase of x i . So, it is this reason why the W(E) of the MO case increases more gently than that of the HO case for x i ) 0.1. For acetylene, the anharmonic effect starts at a factor of 1.3 at E ) 2.31 kcal/mol, increases with E to a maximum factor of 3 at E ) 13.8 kcal/mol, a The exact harmonic value is determined by direct count, and the "harmonic" is the approximate harmonic value from the saddle-point method. Exact results are given in ref 49. and then decreases to the HO value at E ) 36.9 kcal/mol. From the above discussion, we can see that the anharmonic effect depends not only on the anharmonicity x i values but also on the size of molecules and the energy in the molecule.
It should be noted that the individual vibrational energy levels for H 2 CO and acetylene have been measured at high energies and the actual anharmonic density has been compared with the harmonic approximation. The anharmonic density is found to be 10 times larger for H 2 CO and six times larger for acetylene. These experimental studies have been reported. 30 3.2. Canonical Case. For numerical calculations, for simplicity, we shall assume that 11, 30, 44, 49 In eq 3-7, it is assumed that except for the degree of freedom along the reaction coordinate, the vibrational properties for other degrees of freedom are the same for both reactant and activated complex. It is often more reasonable to include the zero-point energy (ZPE) in E a In Figure 1 , the ratio of the rate constants of the THO to the HO R TH is shown as the function of the temperature T* from 0.01 to 5.0. The ratio increases with anharmonic constant x i from 0.05 to 0.25 orderly with T* in the range of 0.01-5.0. There is only a small difference between the rate constant of HO and that of the THO for x i ) 0.05, while the difference becomes very pronounced when x i ) 0.25, reaching a factor of 2. Figure 2 shows the behavior of the ratio of rate constants of MO case to HO case R MOH determined in eq 3-16 vs temperature T* for various x i values ranging from 0.01 to 0.25; below T* ) Figure 1 . Plot of RTH vs T* according to eq 3-14 for xi ) 0.05, 0.08, 0.10, 0.15, 0.20, and 0.25 where the temperature T* as defined in eq 3-10 is in the range of 0.01-5.0 and is unitless. RTH, given by eq 3-14, is the ratio of the rate constant of the THO to the HO. 
2, the anharmonic effect is not large, but the behavior is quite dramatic. From Figures 1 and 2 , we can see that for temperature T* below 2, the anharmonic effect for the models described by eqs 3-14 and 3-16 is not significant. This is because we are dealing basically with the anharmonic effect on a single vibrational mode case.
Applications to Ethylene
As reported in our previous papers, 31-36 the ethylene photodissociation occurs via a vibrationally equilibrated hot ground state following internal conversion by hopping from one PES to another via the radiationless transition from an excited electronic state initially pumped through the excitation energy of 193 or 157 nm.
The rate equations of the C 2 H 4 photodissociation at 193 and 157 nm under the collision-free condition are given by Two separate H 2 elimination channels are inferred as follows: a 1,1-elimination producing the vinylidene radical in eq 4-2 and a 1,2-elimination producing the acetylene molecule in eq 4-1 and only one H loss channel in eq 4-3 with one-photon absorption considered in this paper (multiphoton absorption is neglected). 14 We have applied the RRKM theory in the harmonic approximation to analyze the experimental data in the previous papers. [31] [32] [33] [34] [35] [36] In this paper, we shall study the anharmonic effect on these reactions. The ground state PES (including the anharmonic effect) of ethylene is obtained by ab initio calculations; transition states and isomers relevant to the primary dissociation channels eqs 4-1 to 4-3 are characterized in this paper. The rate constants of the ethylene photodissociation based on the calculated PES are computed by using the RRKM theory (including the anharmonic effect) at 193 and 157 nm.
The geometry optimization and vibration frequencies of HOs and anharmonic oscillators of ethylene, intermediates, transition states, and products related to the possible dissociation channels were performed at the B3LYP/6-311G(d,p) level. 50 The singlepoint energy calculation was carried out using the CCSD(T)/ 6-311+G(3df,2p) method. 51 The energies were corrected by ZPE, either harmonic ZPE or anharmonic ZPE, to obtain the relative energies, corresponding to harmonic and anharmonic considerations. The rate constant of H-elimination from ethylene is obtained by scanning the distance of C-H via variation RRKM theory, which was described in our previous study. All ab initio calculations were carried out using the Gaussian 03 program package. 52 Previous electronic structure B3LYP/6-311G(d,p) calculations in our group have characterized the relative energies and transition states frequencies of ethylene. The dissociation reactions discussed below are the reactions that are energetically possible for ethylene when the molecule absorbs 193 or 157 nm photons. Thus, over most of the VUV range (but not at 193 nm), we expect that two H atoms or H 2 will be liberated. However, the H atoms should emerge sequentially, one from a hot ethylene and the other from a hot vinyl radical. Frequencies (in cm -1 ) of the Reactant, Transition States, and Intermediates for the C 2 H 4 Dissociation Calculated at the B3LYP/6-311G** Level   C2H4  CHCH3  CHCH2  H2CC  TS1  TS2  TS4  TS5  TS7  H‚‚‚CHCH2 3136 The numerical results obtained for the photodissociation reactions based on the harmonic and anharmonic surfaces at 193 and 157 nm are given in Tables 3-7. All of the vibration modes have been treated as anharmonic MO; the harmonic frequencies of various species and corresponding anharmonic constants x i values, calculated by the Gaussian03 52 program package, have been chosen as effective dissociation energy parameters for the Morse potential in the calculations for each vibration mode. Table 3 gives the harmonic frequencies of the reactant, transition states, and intermediates for the C 2 H 4 dissociation, which are obtained from ab initio calculations for the channels in eqs 4-1 to 4-3, and to show the anharmonic effect, the x i values corresponding to Table 3 are given in Table 4 . From Table 4 , we can see that the x i values are quite small for all modes. The relative energies of the transition states and intermediates for the C 2 H 4 dissociation are given in Table 5 . Using the above data, in Table 6 , we have calculated the total number of states of the activated complexes and the density of states of the reactant and intermediates for the reactions described by eqs 4-1 to 4-3 by using the methods discussed in sections 2 and 3, for HO and MO at wavelengths of 193 and 157 nm. From this table, we can see that the values of W(E) and F(E) for the MO case are always bigger than those of the HO case; because the energy levels E i in the MO are smaller than or nearly equal to the corresponding energy levels in the HO, these results will introduce larger numbers of states and densities of states for the MO.
The rate constants for k 1 , k -1 , k 2 , k 4 , and k 6 from eqs 4-1 to 4-3 of the C 2 H 4 dissociation are given in Table 7 . k 5 and k 7 defined in eqs 4-1 to 4-3 are not included in this table, because we cannot easily determine the energy of the intermediates H 2 CC: and CHCH 2 exactly. Furthermore, the present paper is focused only on the anharmonic effect on the rate constants rather than on the reaction mechanisms. So, the anharmonic effect on k 5 and k 7 is not included in our discussion. From Table  7 , we can see that in most cases, the anharmonic effect is significant. As expected, the anharmonic effect at 157 nm is in most cases more pronounced than that at 193 nm. The computed anharmonic rate constants k -1 and k 2 are in the range of 10 13 s -1 by the order of magnitude, at 157 and 193 nm, which has nearly approached the applicability limit of the RRKM theory. This is because the validity of the RRKM theory is based on the assumption that the intramolecular vibrational relaxation is much faster than the bond dissociation or rearrangements. Similar results have been reported in refs 31-36. The bond rupture rate constant k 6 is calculated employing the variational transition state geometry in which the dissociating C-H bond was chosen as 2.4 and 3.0 Å; this has been proven to be sensible. [33] [34] [35] As expected, the rate constants k(E) obtained by the RRKM theory increase with E or the wavelength changing from 193 to 157 nm, and while the k(E) of the HO will keep increasing, k(E) for the MO will reach a limit because of bond dissociation energies. The rate constants within the MO approximation are much larger than those obtained with HO in the channel k -1 and k 2 , whereas the other cases show the opposite tendency. This is because k(E) involves both W * (E -E a * ) and F(E) and their dependence on E can be different in different situations. The present results should still be considered as preliminary and can be improved by obtaining better anharmonic surfaces involved in the reactions.
Conclusions
In this paper, we have presented a systematic approach to treat the anharmonic effect on unimolecular reactions, including both canonical and microcanonical cases. An emphasis is placed on the demonstration of the combination of this approach with the use of the anharmonic potential surfaces obtained from ab initio calculations. For numerical demonstration, we have used the Morse potential to describe the anharmonic effect. We have shown that according to our approach both W(E) and F(E) can be determined from thermodynamic quantities. As a practical CCSD(T)/6-311+G(3df,2p) ) of H‚‚‚CHCH2 based on the distance of H‚‚‚C at 2.4 Å 35 for the C2H4 dissociation calculated at the CCSD(T)/6-311+G(3df,2p)//B3LYP/6-311G** level. example for studying the anharmonic effect on unimolecular reactions, we chose to test ethylene photodissociation at 157 and 193 nm; this has been carried out by the first principle calculations. The Morse anharmonicity model is employed for calculations of the number of states, density of states, and the rate constants using the RRKM theory. By comparing the harmonic and anharmonic results, the anharmonic effect is in most cases not negligible and increases with energy, the anharmonicity factor, and the size of the systems. As is to be expected, the anharmonic effect is in most cases significant and should be considered especially for the dissociation of less stable systems. For these systems, it can be expected that the HO approximation is not valid and not only the anharmonic effect but also the rotation-vibration coupling become very important, which can be treated by using the approach presented in this paper. It is hoped that the theoretical treatment developed in this paper can be applied to isomerization and dissociation of neutral and ionic clusters.
